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EMBEDDING GROUP ALGEBRAS INTO FINITE VON
NEUMANN REGULAR RINGS
PETER A. LINNELL
Abstract. Let G be a group and let K be a field of characteristic zero. We
shall prove that KG can be embedded into a von Neumann unit-regular ring.
In the course of the proof, we shall obtain a result relevant to the Atiyah
conjecture.
The main result of this paper is
Theorem 1. Let G be a group and let K be a field of characteristic zero. Then
KG can be embedded into a finite self-injective von Neumann ∗-regular ring.
This result has been stated in [8, p. 217]. However the proof there depends on
a result of [5]. The proof presented here will not use that result, and will also give
a result related to the Atiyah conjecture [9, §10]. We shall apply the techniques of
ultrafilters and ultralimits, as used in [4].
Let G be a group and let U(G) denote the algebra of unbounded operators on
ℓ2(G) affiliated to the group von Neumann algebra N (G) of G [9, §8.1]. Then U(G)
is a finite von Neumann regular ∗-ring that is left and right self-injective, and also
unit-regular [1, §2,3]. For α, β ∈ U(G), we have α∗α + β∗β = 0 if and only if
α = β = 0 [1, p. 151]. Furthermore there is a unique projection e ∈ N (G) (so
e = e2 = e∗) such that αU(G) = eU(G) and we have the following useful result.
Lemma 2. Let G be a group and let α, β ∈ U(G). Then (αα∗+ββ∗)U(G) ⊇ αU(G).
Proof. Write U = U(G) and let e ∈ U be the unique projection such that αU = eU .
Then (1− e)U = {u ∈ U | α∗u = 0}. Let f ∈ U be the unique projection such that
(αα∗ + ββ∗)U = fU . Then (1− f)U = {u ∈ U | (αα∗ + ββ∗)u = 0}. Therefore if
u ∈ (1− f)U , we have (αα∗ + ββ∗)u = 0, hence
0 = u∗αα∗u+ u∗ββ∗u = (α∗u)∗(α∗u) + (β∗u)∗(β∗u)
and we deduce that α∗u = 0. Thus u ∈ (1− e)U and we conclude that (1− f)U ⊆
(1−e)U . Therefore we may write 1−f = (1−e)v for some v ∈ U . Then if w ∈ eU ,
we find that (1− f)w = v∗(1 − e)w = 0, consequently w = fw and hence w ∈ fU .
Thus eU ⊆ fU and the result follows. 
Now given α ∈ N (G), we may write α =
∑
g∈G αgg with αg ∈ C, and then
trα = α1 is the trace of α. Moreover for α ∈ U(G), there is a unique projection
e ∈ N (G) such that αU(G) = eU(G), and then we set rkα = tr e, the rank of α.
Then rk: U(G) → [0, 1] is a rank function [6, Definition, p. 226, §16]. This means
that rk satisfies (a)–(d) of Property 3 below; it also satisfies Properties 3(e),(f).
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Property 3. (a) rk(1) = 1.
(b) rk(αβ) ≤ rk(α), rk(β) for all α, β ∈ U(G).
(c) rk(e+ f) = rk(e) + rk(f) for all orthogonal idempotents e, f ∈ U(G).
(d) rk(α) > 0 for all nonzero α ∈ U(G).
(e) rk(α∗α) = rk(αα∗) = rk(α) for all α ∈ U(G).
(f) If G ≤ H and α ∈ U(G), then rk(α) is the same whether we view α ∈ U(G) or
α ∈ U(H).
There is also a well-defined dimension dimU(G) for U(G)-modules [9, Theorem
8.29] which satisfies dimU(G) αU(G) = rk(α).
We need the following result for generating units in U(G). Recall that an ICC
group is a group in which all conjugacy classes except the identity are infinite, and
that a unitary element is an element u of U(G) such that u∗u = 1 (equivalently
uu∗ = 1, because U(G) is a finite von Neumann algebra).
Lemma 4. Let G be an ICC group, let α ∈ U(G), and let n be a positive integer.
Suppose rk(α) ≥ 1/n. Then there exist unitary elements τ1, . . . , τn ∈ U(G) such
that
∑n
i=1 τiαα
∗τ−1i is a unit in U(G).
Proof. Suppose e and f are projections in U(G) such that eU(G) ∼= fU(G). Since
U(G) is a unit-regular ring, we see that (1− e)U(G) ∼= (1− f)U(G) by [6, Theorem
4.5]. Therefore e and f , and also 1 − e and 1 − f , are algebraically equivalent
projections and hence equivalent [1, §5]. We deduce that e and f are unitarily
equivalent [2, p. 69 and Exercise 17.12]; this means that there is a unitary element
u ∈ U(G) such that ueu−1 = f .
Suppose now that e, f are projections in U(G) with tr(e) ≤ tr(f). Since G is an
ICC group, the center of N (G) is C. Therefore by [9, Theorem 8.22 and Theorem
9.13(1)], two finitely generated projective U(G)-modules P,Q are isomorphic if and
only if dimU(G)(P ) = dimU(G)(Q). Using [7, Theorem 8.4.4(ii)], we see that there is
a finitely generated projective U(G)-module P such that dimU(G) P = tr(f)− tr(e)
and then eU(G)⊕P ∼= fU(G). From the previous paragraph, we deduce that there
is a unitary element u ∈ U(G) such that ueu−1U(G) ⊆ fU(G).
Set β = αα∗. Then rkβ = rkαα∗ ≥ 1/n by Property 3(e). Suppose 0 ≤ r ≤
1/ rkβ − 1 and we have chosen unitary elements τ1, . . . , τr ∈ U(G) such that
rk(τ1βτ
−1
1 + · · ·+ τrβτ
−1
r ) = r rk(β);
certainly we can do this for r = 0. Since U(G) is a regular von Neumann ∗-algebra,
there is a unique projection f ∈ U(G) such that (τ1βτ
−1
1 + · · · + τrβτ
−1
r )U(G) =
fU(G). Also rk(1 − f) ≥ rkβ, hence there is a unitary element τr+1 ∈ U(G) such
that τr+1βτ
−1
r+1 ∈ (1− f)U(G), and then
rk(τ1βτ
−1
1 + · · ·+ τr+1βτ
−1
r+1) = (r + 1) rk(β)
by Lemma 2.
Now suppose r > 1/ rk(β)− 1 and we have chosen unitary elements τ1, . . . , τr ∈
U(G) such that
rk(τ1βτ
−1
1 + · · ·+ τrβτ
−1
r ) ≥ 1− rk(β);
by the previous paragraph, we can certainly do this if r ≤ 1/ rk(β). Again, let
f ∈ U(G) be the unique projection such that (τ1βτ
−1
1 + · · · + τrβτ
−1
r )U(G) =
fU(G). Then rk(β) ≥ tr(1 − f) and therefore there is a projection e ∈ U(G) such
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that 1 − f ∈ eU(G) and tr(e) = rk(β). Then we may choose a unitary element
τr+1 ∈ U(G) such that τr+1βτ
−1
r+1U(G) = eU(G). Applying Lemma 2, we see that
rk(τ1βτ
−1
1 + · · ·+ τr+1βτ
−1
r+1) = 1,
which tells us that τ1βτ
−1
1 + · · · + τr+1βτ
−1
r+1 is a unit in U(G). We deduce that
τ1βτ
−1
1 + · · ·+ τnβτ
−1
n is a unit in U(G) as required. 
Proof of Theorem 1. We shall use the techniques of [4, §2]. By [10, Theorem 1], we
may embed G in a group which is algebraically closed, so we may assume that G
is algebraically closed. It now follows from [3, Corollary 1] that the augmentation
ideal ω(KG) is the only proper two-sided ideal of KG. Let F denote the set of all
finitely generated subfields of K. For each F ∈ F , let C(F ) denote the set of all
finitely generated subfields containing F : this is a subset of F . Now let
C = {X ⊆ F | X ⊇ C(F ) for some F ∈ F}.
The following are clear:
• C 6= ∅.
• If A ⊆ B ⊆ F and A ∈ C, then B ∈ C (if C(F ) ⊆ A, then C(F ) ⊆ B).
• If A,B ∈ C, then A∩B ∈ C (if C(E) ⊆ A and C(F ) ⊆ B, then C(〈E,F 〉) ⊆
A ∩B).
This means that the sets C form a filter, and hence they are contained in an ultra-
filter D, that is a maximal filter. Thus D has the properties of C listed above, and
the additional property
• If X ⊆ F , then either X or F \X is in D.
Now set R =
∏
f∈F U(G), the Cartesian product of the U(G) (so infinitely many
coordinates of an element of R may be nonzero). Since the Cartesian product of
self-injective von Neumann unit-regular rings is also self-injective von Neumann
unit-regular, we see that R is also a self-injective von Neumann unit-regular ring.
The general element of α ∈ R has coordinates αf for f ∈ F , and we define ρ(α) =
limD ρ(αf ), where lim indicates the limit of ρ(αf ) associated to the ultrafilter D.
Thus ρ(α) has the property that it is the unique number which is in the closure of
{rk(αd) | d ∈ X} for all X ∈ D. It is easy to check that ρ is a pseudo-rank function
[6, Definition, p. 226, §16]; thus ρ satisfies Properties 3(a)–(c), but not Property
3(d), because we can have ρ(α) = 0 with α 6= 0.
Let I = {r ∈ R | ρ(r) = 0}. Using [6, Proposition 16.7], we see that I is a
two-sided ideal of R and ρ induces a rank function on R/I. Of course, R/I will
also be a von Neumann unit-regular ∗-ring. Next we show that R/I is self injective.
In view of [6, Theorem 9.32], we need to prove that I is a maximal ideal of R; of
course this will also show that R/I is a simple ring. Suppose α ∈ R \ I. Then we
may choose a real number ǫ such that 0 < ǫ < ρ(α). Set S = {s ∈ F | rk(αs) < ǫ}.
Then ρ(α) is not in the closure of {rk(αs) | s ∈ S} and therefore S /∈ D. Let
T = F \ S, so T ∈ D and choose a positive integer n such that n > 1/ǫ. Since G is
an ICC group, for each t ∈ T there exist by Lemma 4 units τ(t)1, . . . , τ(t)n ∈ U(G)
such that
τ(t)1αtτ(t)
−1
1 + · · ·+ τ(t)nαtτ(t)
−1
n
is a unit in U(G) (the important thing here is that n is independent of t). Now for
r = 1, . . . , n, define τr ∈ R by (τr)t = τ(t)r for t ∈ T and (τr)s = 1 for s ∈ S. Then
(τ1ατ
−1
1 + · · ·+ τnατ
−1
n )t
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is a unit for all t ∈ T and it follows that its image in R/I is a unit. This proves
that R/I is a simple ring.
Now we want to embed KG into R/I. For each f ∈ F , choose an embedding of
f into C. This will in turn induce an embedding θf of fG into U(G).
For α ∈ KG and f ∈ F , we define αf = θf (α) if α ∈ fG, and αf = 0 otherwise.
This yields a well-defined map (not a homomorphism) φ : KG → R which in turn
induces a map ψ : KG→ R/I. Let α, β ∈ KG and let F denote the subfield of K
generated by the supports of α and β, so F ∈ F . Since
αf + βf − (α+ β)f = 0 = αfβf − (αβ)f
for all f ∈ C(F ), we see that
rk(αf + βf − (α+ β)f ) = 0 = rk(αfβf − (αβ)f )
for all f ∈ C(F ). Since C(F ) ∈ D, we deduce that ψ(α) + ψ(β) − ψ(α + β) = 0 =
ψ(α)ψ(β) − ψ(αβ) and hence ψ is a ring homomorphism.
Finally we show that kerψ = 0. Since ω(KG) is the only proper ideal of KG, we
see that if kerψ 6= 0, then g−1 ∈ kerψ for 1 6= g ∈ G. But rk((g−1)f ) is a constant
positive number for f ∈ F . Therefore ρ(g − 1) 6= 0 and hence g − 1 /∈ kerψ. We
conclude that kerψ = 0 and the proof is complete. 
If K is a field, G is a group and θ is an automorphism of K, then θ induces
an automorphism θ∗ of KG by setting θ∗(
∑
g agg) =
∑
g θ(ag)g. It is not difficult
to deduce from the proof of Theorem 1 the following result related to the Atiyah
conjecture [9, §10].
Proposition 5. Let G be a group, let K be a subfield of C and let 0 6= α ∈ KG.
Then there exists ǫ > 0 such that rk(θ∗α) > ǫ for every automorphism θ of K.
However we shall give an independent proof. It ought to be true that rk(θ∗α) =
rk(α) for every automorphism θ of K.
Proof of Proposition 5. Using [10, Theorem 1], we may embed G in a group which
is algebraically closed and has an element of infinite order. Thus by Property
3(f), we may assume that G is algebraically closed and contains an element x of
infinite order. Consider the two-sided ideal generated by α(x − 1). Since 0 6=
α(x − 1) ∈ ω(KG) and ω(KG) is the only proper two-sided ideal of KG by [3,
Corollary 1], we see that there exists a positive integer n and βi, γi ∈ KG such that∑n
i=1 βiαγi = x− 1. Then
n∑
i=1
θ(βi)θ(α)θ(γi) = x− 1.
Since rk(x− 1) = 1 and rk(θ(βi)θ(α)θ(γi)) ≤ rk(θα) for all i, we see that rk(θα) ≥
1/n and the result follows. 
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